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A global existence theorem is presented for a kinetic problem of the form
0, f+v-V,.f=0(f), f(t=0)= fy, where Q(f) is a simplified model wave—par-
ticle collision operator extracted from quasilinear plasma physics. Evaluation of
Q(f) requires the computation of the mean velocity of the distribution f. There-
fore, the assumptions on the data are such that vacuum regions, where the mean
velocity is not well defined, are excluded. Also the initial data are assumed to
have bounded total energy. As additional results conservation laws for mass,
momentum, and energy are derived, as well as an entropy dissipation law and
the propagation of higher order moments.
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1. INTRODUCTION AND MAIN RESULTS

In this work we consider a kinetic initial value problem of the form

0. f+v-V. f=0(f) (1)
S0, x, v) = fo(x, v) (2)
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where f(t, x, v) is the particle distribution function in the position-velocity
phase space R?*?3 (x, v) at the time >0, d> 1 the dimension. The collision
operator is a simplified model from quasilinear plasma theory describing
wave-particle interaction in cometary flows:

of)=P,(f)—f (3)

where P, is a projection on the set of distribution functions isotropic
around the velocity u e R%

1
AN = [, St lo—ul ) do (4)

with | %9~ 1| denoting the Lebesgue measure of the unit sphere #¢~!in R%
The mass, momentum, and energy densities associated with f are given by

:f fdv mzj fodv E:j fwdu (5)
Pr i ) 1= B I L 3
Finally, the mean velocity and the specific internal energy are
E 21 —u?
A = (6)
Pr Pr 2 Pr ‘R4 2

Note the nonlinearity of Q induced by the appearance of the mean velocity
u, in the projection. The Egs. (1)~(6) are in dimensionless form. In par-
ticular, a relaxation time appearing in the dimensional version of the
collision operator has been used as reference time.

A mathematical treatment of this model has been started in refs. 4
and 5. More specifically, ref. 4 was devoted to the derivation of the equations
governing the macroscopic regime at the level of the Hilbert expansion. On
the other hand, in ref. 5 the results of ref. 4 were extended by carrying out
the Chapman—Enskog expansion. Also, the macroscopic behaviour for
small perturbations of a global equilibrium has been analyzed in the
framework of a diffusive scaling of the kinetic model.

For the physical background we refer, for example, to the series of
papers refs. 8, 14, 15, and 16. Indeed, in 1988 Earl, Jokipii and Morfill
presented in ref. 8 an “extended transport equation” for cosmic rays includ-
ing new effects due to cosmic-ray viscosity and inertia, providing the
description of the evolution of the (momentum-) isotropic part of the
distribution of particles with a prescribed nonrelativistic Velocity. This
equation was improved to include the effect of an average magnetic field
embedded in the fluid, as shown in ref. 14 and 16, and coupled with the
momentum conservation equation of the fluid in ref. 15.
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The collision operator Q describes the scattering of cosmic rays (energetic
particles) in an astrophysical plasma, caused by random irregularities
(random spectrum of waves) in the ambient magnetic field.® This is the
reason why we refer to Q as a wave-particle collision operator. The quasi-
linear theory of plasmas'® provides complex expressions for such operators.
Nevertheless, following ref. 8 and the previous works refs. 4 and 5, we shall
consider the relaxation time model (3), which—in spite of its simplicity—
contains most of the fundamental features of hydrodynamics. This state-
ment is a consequence of the formal results below.

We start by collecting some formal properties of the linear collision
operator Q,, ue R defined by Q,(f)=P,(f)— f (see refs. 4 and 5):

Lemma 1. For arbitrary ueR% £, g€ Z(R?), y € C*([0, w0)),

(1) Y(lv—u|) is a collision invariant of Q,:

J., QD@ Yo —ul) do=0 (7)

(ii) Q, is symmetric with respect to the L*(R¢)-inner product:

[, 0dn gde==| 0.1 Quz)av (8)

(1) P, has the monotonicity property
a< flv)<b=a<P,f)v)<b 9)

Most of the main properties of the nonlinear operator Q are conse-
quences of this result:* >

Lemma 2. For arbitrary f € Z(R¢) with pr>0, Y e CP([0, 0)),

(i) ¥(lv—uy|) and v are collision invariants of Q:

I, e v —udydv=| 0(/)w)vdr=0 (10)

(i1) the following H-theorem holds:

., o rde==| o(r2dv<o (11)
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(ili) Q(f)=0 iff there exist ueR? and Fe C*([0, »0)), such that
S () =F(lv—ul).

Remark 1. The statements of Lemmata 1 and 2 can be extended
for less regular functions by density arguments, whenever the involved
integrals are well defined. This is the way those results will be used in the
following.

A distinctive feature of the cometary flow model as compared to the
classical kinetic theory of gas dynamics'® is that the set of collision
invariants (as well as the set of equilibrium distributions) is infinite dimen-
sional and depends on the distribution function through the mean velocity.
Contained in this set are 1, v, and |v]|*= |v—uf| +2u;-v— |uf| implying
mass, momentum, and energy conservation. These properties are used in
refs. 4 and 5 for the derivation of macroscopic limits.

In the present paper, a global existence theorem for the problem (1)—(6)
is proved. Also the fundamental conservation and dissipation properties are
verified rigorously.

Theorem 1 (Existence for the nonlinear problem). Let f,e L'(R*) N
L*(R??) be nonnegative, satisfy E; € L'(R?), and

deo(x—vt,v)dUZyK’T>O xekK, te[0,T] (12)
R

for every compact K< R? and T>0. Then, there exists a global, non-
negative weak solution f'e€ L*((0, o0); L'(R?*?) n L*(R??)) of the problem
(1)—(6). For the mass, momentum, and energy densities given by (5),

pgmy, E;e L*((0, 0); L'(RY)) (13)
holds. The mean velocity and specific internal energy, given by (6), satisfy

([0, 00); LE[R?),  e,e Lin([0, 00); L,

Z’leZ‘loc loc loc(Rd)) (14)

Remark 2. Note that any continuous positive f,eL'(R*)n
L*(R??) satisfies assumption (12). An example for an admissible initial
datum is the Gaussian fy(x, v) = exp( — |x|*> — |v|?).

Theorem 2 (Propagation of moments). Let f, satisfy the assump-
tions of Theorem 1 and (|v|? + |x|?) f, € L'(R*?) with 1 < ¢ <p. Then, solu-
tions of (1)~(6), as given in Theorem 1, satisfy (|v|?+ |x|?) fe

Li5.([0, o0); LY(R*)).
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Theorem 3 (Conservation laws). Let the assumptions of Theorem 1
hold. Then, the following conservation laws hold for solutions f of (1)—(6):

Pr Pt
JR,; ms dxszd my. | dx (15)
E; Ey,
Pr v
2, my +Vx.def oxv | dv=0 (16)
E, v |v]?/2

where (16) has to be understood in the sense of distributions. We also have
the entropy dissipation

d 2 2

0 wa do dxz—szM O(f)? dv dx (17)
ands if |x|24fOeL1(R2d)’

j £ 1x—vt|? do dx=j £ |x|? dv dx (18)

R2d R2d

This section is concluded by an outline of the remainder of the paper:
The following section contains an extension of the definition of the collision
operator to nonsmooth arguments as well as some stability properties. The
proof of Theorem 1 is carried out in Section 3. It relies on the construction
of an approximate solution, designed such that we can pass to the limit to
obtain a solution of the original problem. For this purpose, we use a com-
pactness argument based on the velocity averaging lemmas introduced
in ref. 9 and improved in ref. 10. These results have already been widely
exploited to deal with existence problems for nonlinear kinetic equations
as, for instance, in ref. 6 for the purpose of establishing global existence of
a solution to the Boltzmann equation, refs. 12 and 11 for the existence of
solutions to the BGK equation, or ref. 2 for the same purpose concerning
the radiative transfer equations. Section 4 is devoted to the proofs of
Theorems 2 and 3.

2. PROPERTIES OF THE COLLISION OPERATOR

We shall need a definition of Q,(f) for nonsmooth functions u(z, x)
and f(¢, x,v). We shall only be concerned with P,(f) in this section.
However, all the results trivially carry over to Q,(f)=P,(f)—f.
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Let u: (0, o) x R?> R? be a Borelian function with |u| <oo a.e. in
(0, 0)x R and fe 2((0, o0) x R*¥). Then P, f)(t, x,v) is defined by (4)
for every (¢, x) with |u(t, x)| < oo and by P,(f)(¢, x, v) =0 otherwise. An
immediate consequence of this definition is the following lemma:

Lemma 3. Let u & (0, 0)xRY— R be Borelian functions with
lul, |ii| < oo and u=4d ae. in (0, 0)xR% Let fe2((0, oo) x R*). Then
P,(f)=Pyf) ae. in (0, co) x R¥,

Proof. Denote by Nc(0, o) xR? the set of measure zero where
u#i. Then P,(f)# P4 f) in a subset of N x R? which is a set of measure
zero in (0, o) x R?. ||

Lemma 4. With the assumptions of the previous lemma on u
and f, with 1 <p, ¢ < o0, and with T>0, we have

HPu(f)HLq((O, T); L (R24)) < HfHL‘I((o, T); LP (R24))

Proof. The inequality |P,(f)|? < P,(|f]|?) is easily shown by an appli-
cation of the Holder inequality for 1 <p < oo and obvious for p=1, co.
Integration with respect to v gives

1P X, ) Lo way < |2 X, ) 2o (ra) (19)
implying the result. ||

As a consequence of Lemma 4, P, can be considered as a bounded
linear operator on L%((0, T); L?(R??)) for every Borelian function u with
lu| < oo ae. in (0, T) x R% The final result of this section is concerned with
the stability of P,(f) with respect to u:

Lemma 5. Let feL%(0, T); L?(R*¥)) with 1<p,g<oo and let
u,=uin L} ((0, T)xR9)% Then

lim Toe

n— oo

lim P,(f)=P,(f) in L%(0, T); L?(R*))

n— oo

Proof. By Lemma 4 and a density argument it is sufficient to carry
out the proof for test functions f'e Z((0, T) x R*). Furthermore, since for
such a test function

HPun(f)”L"O((O, T) xR2) < Hf”Lw((o, T) x R2)

holds, it is sufficient to prove convergence in L'((0, T') x R?).
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The main difficulty of the proof results from the fact that even for a
test function f, P,(f) does not necessarily have compact support if u is
unbounded. In the basic estimate

1P, ()2, x, 0) = PUFL x, 0)] S e(f) [u, (2, x) —u(t, x)| (20)

(which is an obvious consequence of the Lipschitz continuity of /) the con-
stant ¢(f) could be redefined as a function of (z, x) with compact support,
but it has to be chosen independently of v in general. Therefore (20) cannot
be used directly to prove the lemma.

Let K< (0, T) x R? be a compact set in (¢, x)-space such that supp( f)
< K xR? This obviously implies

supp(P,(f)),  supp(P,(f)) = KxR“ (21)

Also u, converges to u in L'(K). Therefore a subsequence (again denoted
by u,) converges to u a.e. in K. The Egoroff theorem implies for every ¢ >0
the existence of a set A, c K with meas(K\A4,)<e¢ such that u, —>u
uniformly in 4,. We also introduce the set

By={(t,x)eK: |u(t,x)| <M}

It is easy to see that

1
meas(K\B,,) < 172 ]l 1k

By the uniform convergence of u,,,
lu, | <2M in A, By,

holds for n large enough. As a consequence, there exists a compact set
K, = R? with

supp(Pun(f)(t» X, - ))’ Supp(Pu(f)(t’ X, )) < Kv (22)
for (¢, x)e A, n B,,. By (21) we have
1P = P Dll o iy = | [ 1P = PulS)] di dx e

S A+AB+C
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where the three terms on the right hand side correspond to the splitting
K= (4, B,) u(K\A4,) U (K\B,,). In the estimation of .o/ we use (22)
and (20):

d<[ [ elf) lu—ul drdxdv<e(f) lu,—ul

K,Y4,n By,

For estimating 4 and %, (19) implies

%<2[

R4

j \f] dt dx dvo<cy(f) &
K\4,

%szf

R4

1
dtdxdv<ci(u, f)—
Jiog, 1 v do et )37

Going to the limit n — o0 now gives

. 1
llin sup 1P, ()= Pl ) Lo, 7y xr2ay S €2 f) €+ ¢3(u, f) I

implying the sought for convergence result by ¢ » 0 and M — oo.

We recall that u, is a subsequence of the original sequence. Con-
vergence of the full sequence, however, follows from the uniqueness of the
limit, which is a consequence of Lemma 3. |

3. THE EXISTENCE RESULT

We start with the formulation of a problem formally approximating
(1)-(6). For that purpose we define, for n e N, the velocity truncation

u(t, x), for |u(z, x)|<n, |x|<n
t
o0 ={n X o ) zn xl<n (23)
ult, )]
0 for |x|=n

and consider the sequence of problems

0, f"+v-V f"=0"(f") (24)
S0, x, v) = folx, v) (25)
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as an approximation of (1)—(6), with

0"(f) = Oy up(f) (26)

The following existence result holds:

Proposition 1 (Existence of an approximate solution). Let f,
satisfy the assumptions of Theorem 1. Then, for every ne N, there exists
a nonnegative, weak solution f"eL*((0,n); L'(R*)n L*(R?*)) of
(23)—~(26) with E;» € L*((0, n); L'(R?)). The bounds for /" and E. in the
respective spaces are independent of n.

The proof relies on a fixed-point argument based on solving linearized
problems. Therefore we prove as a preliminary result existence for the
linear problem with given velocity in the projection operator:

Proposition 2 (Existence and uniqueness for the linear problem).
Let f, satisfy the assumptions of Theorem 1 and let ue L*((0, co) x R¥)4
with (|| Lo, o0) xréye = M. Then the problem

0 f +0v-Viof =0uUf) (27)
S0, x, v) = folx. v) (28)

has a unique nonnegative solution f € L*((0, o0); L'(R?*) n L*(R??)) with

/(2,5 ) ey = [ foll prraey 12, - ) zoeay < [ foll Lowraey — (29)

Moreover, E;€ L5 ([0, c0); L'(R9)), uye L7([0, o0); L}, (R9)) holds. The

loc loc

bounds on E,and u, in the respective spaces only depend on f, and M.

Sketch of the Proof. Existence and uniqueness can be achieved by a
simple contraction-type fixed point argument (using lemma 4) that we omit
here. The inequalities

0< f(2, x, v) < | foll Looerea)

follow by a standard iterative argument from the nonnegativity of f, and
from the monotonicity property (9) of P,. The mass conservation property
(29) follows from integration of (27) with respect to v, x, and ¢.

In order to prove the boundedness of E,, we use the identity

[, 0 1012 do =2 (pyu—my
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which follows from Lemma 1. Formally multiplying (27) by |v|?>/2 and
integrating with respect to x and v, we get

S VE v =[_u-(pgu—my) dv< et /2 Bl pone)
with
c=M | foll fitre)
where the estimate follows from the Cauchy-Schwarz inequality

Hme il(Rd) <2 HPfH LI(RY) HEfHLl(Rd)

Now the assertion of Proposition 2 on E,is a consequence of the Gronwall
lemma.

By (30), to see that u,is well defined, we just need a lower bound on
the density p,. In order to find it, we use the following equivalent integral
representation of (27), (28), given by Duhammel’s principle:

f(t, x,v)=e"fo(x —vt, v) +Jtes_‘Pu(f)(x—v(tfs), v,8)ds (31)
0

Now by (31) and assumption (12) we obtain
pr(t,x)=e Ty >0, for xeK, 0<t<T (32)

for every compact K = R¢ and for every 7> 0.
Combining (30) and (32) gives u,e L2 ([0, o0); L;,(R?)). The stronger

loc

result of Proposition 2 follows from the local-in-x-version of (30),
Py lug> <2E,

the bound on E,, and (32). |
The next step is the solution of the approximate problem (23)—(26).

Proof of Proposition 1. We are first concerned with the existence
proof. For each ne N fixed, we introduce the set

S={ueL'((0,n)xB,)": |u|<n ae. in (0,n)x B,}

with B,={xeR“: |x|<n}. Then, ¥, is a closed, convex, and bounded
subset of L!((0,n)x B,)%. Assuming extension by zero for x¢B,, every
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element of .%, can also be considered as an element of L'((0, n)x R%)%,
With this convention, the operator ¢,, defined by (23), maps arbitrary
measurable velocity fields on (0, 7n) x R? to %,

Now an operator T;:.%, — L'((0, n) x B,) is defined in the following
way: For ue.%, (extended to (0,n)xR9), let f denote the solution of
(27)-(28), and let T'(u) be the restriction of u,to (0, n) x B,,. A fixed point
operator T: %, — %, is then defined by T(u)=¢,(T,(u)). Obviously, fixed
points of T correspond to solutions of (23)-(26). Since ¢,: L((0, n) x B,))¢
— %, is continuous, the Schauder fixed point theorem can be applied to 7,
if we can prove continuity and compactness of T7.

We first prove the compactness property. For ue.%,, it is a conse-
quence of the boundedness of the solution f of (27), (28) in L*((0, o0);
LY(R?**) n L*(R?%)) that f is also bounded in L?((0, n) x R?#). Since Qu is
a bounded operator on this space,

0,f+v-V,feL*(0,n)xR*)

follows. Therefore, a velocity averaging lemma‘’?) can be applied, giving
j £ |ol” dve H((0, n) x RY)
KYJ

for every compact K, cR% The uniform boundedness of E; in
L'((0,n) x B,) (see Proposition 2) implies that def |v]" dv is compact in
LY((0,n)x B,) for 0<r<2.

Thus, the map from ue ¥, to p,, mse L'((0,n) x B,) is compact. The
lower bound

pr=ze "yp ,>0, in (0,n)xB,

now implies compactness of 7.

To check its continuity, we consider a sequence u, € ¥, converging to
ue 9, as k —» oo. We denote by f; and f the unique solutions of the linear
problem (27), (28) associated with u, and u, respectively. The uniform
boundedness result from Proposition 2 implies convergence of a sub-
sequence of f; to fin L*((0, c0) x R?) weak*. The continuity result from
Lemma 5 now implies that we can go to the limit in (27), (28) in the sense
of distributions. Now the uniqueness of the solution of the linear problem
gives f= f and convergence of the whole sequence f;. Using the averaging
lemma and the boundedness of p, from below as above, we can go to the
limit k — o0 in uy; =my [py,, completing the proof of continuity of 7';. Now
an application of Schauder’s fixed point theorem settles the existence result.
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It remains to prove the boundedness of E .. We proceed as in the
proof of Proposition 2 and integrate the product of (24) and |v|? with
respect to v and x:

d
VBl =] @uugn) - (0 p,tupn) —mp) d

The observation that ¢,(u)(t, x) =0(t, x) u(t, x) with 0 <6< 1 shows that
the right hand side is nonpositive, completing the proof. ||

Now we are ready to prove the existence theorem.

Proof of Theorem 1. We carry out the limit n— oo in (24), (25).
Extending /™ by 0 for e [n, o0), Proposition 1 implies that a subsequence
of /™ converges to a limit f'in L% ((0, oo); L?(R*?); weak) for every oo > p,
g > 1. As in the preceding proof, a velocity averaging lemma can be applied
to prove the convergence (up to a subsequence) of u,:=umm to u, in
L, (0, T) x RY).

For a compact set K< (0, T) x R? we use the Egoroff theorem as in
the proof of lemma 5 to deduce that (up to a subsequence) u, converges
uniformly to u,in 4, < K with meas(K\4,) <e. We also use the set

By ={(t,x)eK: lu(t, x)| <M}

as in the proof of Lemma 5. Then

lim LmBM | (4,) — ] dt dx =0

since ¢,(u,)=u, on A, B, for n large enough. On the other hand,

[ |9 (ut,) — ] lt
K\(A4: " By)
< (lun| + lusl) di dx
K\(AeﬁBM)
indN luy| dt dx 22220,
K\(AsﬁBM)

implying convergence of ¢,(u,) to u,in L}, ((0, T) x R?).

Thus, by the continuity results in Lemmas 4, 5, we can go to the limit
in (24), (25) in the distributional sense. The bounds for the moments and
for the mean velocity are obtained by going to the limit in the corre-

sponding inequalities for the approximating problem. ||
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4. PROPAGATION OF MOMENTS AND
CONSERVATION LAWS

For the proofs of Theorems 2 and 3 we shall need the following techni-
cal result:

Lemma 6. For any p>1 and for any nonnegative function f with
(1+ [v]?) fe L'(R?), p,>0, we have

(i) priulr<| 1ol fds

i) [ 117 Py () do<C, [ 1017 e

for some positive constant C, depending only on p.

Proof. (i) The Holder inequality for the measure f'dv gives

1/p
< < plr j P
pf|uf|\jkd|v|fdv\pf < Rd|v| fdu>

which is equivalent to the result (p’ is the conjugate exponent of p).

(i1) In the following, C denotes various constants depending only
on p. For fe 2(R?) with p,>0, we have

07 < Clo—uf|? + [ug]?)

implying
J |v|PPuf(f)dv<C<J |v—uf|1’fdv+pf|uf|p>
R4 R4

<C([ 1017 fdv+pylugl?
R4

Here, the conservation property (7) has been applied, being justified since
f is smooth and has compact support. The proof is completed by an
application of (i). ||

Now the statement that 1, v, |v|* are collision invariants of Q can be
made rigorous:
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Corollary 1. For a solution f of (1)—(6) as given in Theorem 1, we
have

1
| oanl v |a=0
R4

|0]?

With the help of Lemma 6, the boundedness of higher order moments
can be proved:

Proof of Theorem 2. We present a formal proof which can be com-
pleted by an appropriate smoothing. Setting g =(1+ |x|?+ |v|?) f, we have

0,8+v-Veg+g=S=q(v-x) |x|772 f+ (1 +[x|7+|v]?) P, (f)  (33)
With

v|? |x|?
[v-x] |x]972< |v| |x|‘1_1<|q|+||

’

q

(where ¢’ is the conjugate exponent of ¢) and with Lemma 6 we obtain
f S| duscf g dv
R4 R4
Integration of (33) with respect to v and x now gives
d
— <
7 fde gdvdx<C Jde gdvdx

and an application, of the Gronwall lemma completes the proof. ||

In the proof of Theorem 3 a classical dispersive lemma due to
Perthame'? is used, which we recall for the sake of completeness:

Lemma 7. Assume g,e L'(R?*?) and he L*((0, T); L'(R?*?)). Then,
the solution g of

0,8+v-V.g=h, g(t=0)=g,

satisfies (14 |v|) ge LY((0, T) x K, x R?) for every compact set K, of R%
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Proof of Theorem 3. Let us focus on the conservation of energy. The
other conservation laws are obtained similarly. In the weak formulation of

(1), (2),
[ ] f@p+0-9.0+ 0, @) dodvdi=]  fuplr=0)dvdx

we set ¢(t, x, v) = [v]* p(x/R) @(v/V) 0(1) with 0 C([0, x0)), ¢ € Z(R?),
¢@(y)=1 for | y| <1. The bounds of Theorem 1 justify letting R — oo:

f:o [ 1012 0o/ V) 00+ QU 1o 9(0/) 000)) o -

=000) | fo leP p(o/V) dvdx

In the further limit V" — oo the second term on the left hand side vanishes
by Corollary 1, and total energy conservation (15) follows.
Now we remark that

fdu|u|2_fdveL1 ([0, o) x RY)

loc

This is a consequence of Lemma 7. Choosing now a test function of the
form ¢(¢, x, v) = |v|* @(v/V) 5(t, x) with ye CL([0, oo)x RY), and letting
V' — oo, we obtain the local version of conservation of energy.

For proving the entropy dissipation result (17), we note that
feL*((0, c0); L*(R?*?)) holds. With the help of Lemma 4, this is sufficient
for proving that the H-theorem (11) holds. Let us now multiply the trans-
port Eq.(1) by 2f. Since f and 0,f+v-V,f belong to L*((0, o0);
L%(R?*%)), we have

0,f+v-V f)2f=0,f*+v-V,[f?

This can be easily justified by using, for instance, a convolution by an
approximation of unity and Friedrichs Lemma (see ref. 1, also ref. 7 and
the notion of renormalized solution). Now integration with respect to v and
x gives (17).

Finally, (18) is a consequence of the identity

Ix—ot]? (0, f +v- V. f)=0Ix—vt]* f) +v-V.(Ix—vt|* f)

and of the fact that |x — vt|? = |x|? — 2¢(x - v) + ¢* |v|? is a collision invariant

of 0. 1
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